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Homework 1 Solution

Dayu Lv
. Given f = 23 —i—zx—f—x y 3y—0

(a).af—z—i—élxy, =z —3,25—32'24—10

oz af _ z+4w y Oz _ gi _ z*—3

8w|y 32242 8y|x - af — T 3221x
(b)For (z, ) (1 2) = z = —0.6894 i 1.55753,1.3788,
oz z2+8 2
%|y 322++17 ay|ﬂc — 32241

Find the length of the shortest curve between two points with cylindrical coordinates
(r,0,2) = (a,0,0) and (1,0, 2) = (a, 0, Z) along the surface of the cylinder r = a.
1

& = rcosb cos —rsinf 0
€ = rsinf . So the Jacobian matrix J = sinf rcosf® 0 |, the metric
£ = 2z 0 0 1
1 0 0
tensor G = JT - J = 0 % 0
0 0 1
0
So the distance between (a,0,0) and (¢,0,2)is (0 © Z )-G-| © | =r?0%+ 22
Z

Given I = fol (22y"% 4 402*y)dx, using Euler equation, get 40z* — %(szy’) =0=22%y =
825 + ¢;. For o # 0, gety’:4x3+;¢:>y:x4—%+02. For z =0 = ¢; = 0. Given
y(0) = 0,y(1) = 1 = ¢2 = 0 = the extremum y = z*

; _ zty — Y
Given u = V= g
o) _| 3 || o wop
u,v) _ | Oz dy | z—y T—y _
By —| ov  ov |T| _waty) sty | T 0 = u,v dependent
oz Oy (z—y)3  (z—y)3
&' = coshz!cosz?
Given &2 = sinha!sinz?
53 = 3
sinha!cosz? —coshz!sinz? 0
e J=| coshalsinz? sinhzlcosz? 0
0 0 1
e G=JT.J ) )
cosh 2~ —cos 2z
— > cosh 2w1qcos 2x° 0
- 0 e 0
0 0 1

e "-cosha!-sinhz! =1,
1 1
(cosghac1 )2 B (singha;l )2 = cos2z? = \/@

(ssr)? + (5502 = 1,

cosh x sinh x1

Inverse Transformation is )
1 5 3
x = arccosh -5 = arccoshcos(% arcsin 2E1E7)
2 _ 1 2
r® = jarcsin 25 13
1’3 — 53
e As for plot, if ' =constant, 21 = ¢y tanz?, where ¢; = tanhz'; if 22 =constant,

2

2—1 = ¢y tanh 2!, where ¢ = tan z2



17. Similar with the example 1.6 in textbook.
vu—(’)gz'i_l—w
I‘w, ul 8%¢P  Pat

= dziodt agpu
_ _0%¢' aat 02¢! 9xl, 2 0% 0a® 1 ! oz?
— Oxlox! 661 + 8:1:1312 851 + 0z20xt 851 + 8x2312 6£1u +
0%¢? ool 1, 0% 9zl 2 _0%¢? 9a% 1, 0% 9a®
Oxlox! 852 + dztox? 6{2 + 0x20xT 852 + 61,2812 €2 u?
and
8315 = cosh z! cos 22
{C — _sinha'sing? = 28
aglaic - - Ox20z!
_9S — _ < 1 < 2
327 = coshz* cosz
% = sinh z! sin 22
£.9% 1 9 52¢2
W = coshz' cosx = Grerrse
— o 13 2
92292 = sinhz" sin x
X 162 sec(L arcsin(2¢1€2)) tan(L arcsin(2¢1£2))
ozl _ sec(3 arcsin(2¢'€2))+ 2 /i §2)22
ogt \/ 14£1 scc(2 arcsin(2&1 52 \/1+§1 sec(3 arcsm(Q{ £2))
o2 _ (ehH? sec(% arcsin(2¢61¢2)) tan(3 arcsin(2¢1£2))
ogt \/1—4(5152)2\/—1—0—{1 sec(3 arcsin(2£1£2) \/1+£1 sec(1 arcsin(2£1£2))
5zt _ €2
o€2 /1—4(e1€2)2
92 . ¢!

gz 1-4(gle2)2

& = zlcosa?
18. Cylindrical coordinates & = zlsinz? |, the contravariant velocity vector is U? =
53 = 3
gglu the covariant derivative of this vector in cylindrical coordinates is W; = ‘gg]
9 (9 g\ 9%t
Bz (gxi ) N 8$~720£18 u 1 2 242
9°¢ 1 0°¢ 9%¢ wl u? 1 9%¢ 2 léi 2
8x13z12u + 8%128362111’ + 8728275 + 8%28162 + 3$218$1 u+ drlozz U + 3£28x1u + 922822 U
= (cosz® —sinz*)u' + (cosz? — sinx Ycosz? + sina?))u
0, = Val+a24a3 .
. r1 = 01sinf;cosbs
. — - x . . .
ex. Given 0o = cos \/m and the inverse{ x5 = 6;sinfysinf3
r3 = 0O1cosb
b =t (2) 2 = Oroost,
x
sinfy cosfs 61 coslycosfs —01 sin by sin O3
The Jacobian matrix J = % = | sin#ysinf; #Hicosbysinfs  Hsinbycosbs
cos 02 —61 sin 64 0
1 0 0
the metric tensor G = J7-J=| 0 6% 0

0 0 67sin?6,



