Homework 3 Solution

sinx TCOST T
2. w =| cosx cosz —xsinx 1| = —22+2sin’z — zsinzcosz. Only when z =
—sinz —xcosx —2sinx 0

0,w = 0 = y; is linearly independent.
For these three linearly independent solutions, the homogeneous equations should be 3rd
order ODE, say, L(y) = Asy’"" + As2y” + A1y + Aoy =0 =

Asg(—cosx) + Ag(—sinx) + Ay(cosz) + Agsinz = 0
Az(—3cosx 4+ xsinz) + As(—2sinx — x cosz) + Aj(cosx — xsinx) + Agzcosz = 0
A+ Agz = 0

Setai—A’,z—012:>L() y" +asy” + a1y +agy =0
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Using Cramer’s rule, as = ~— pr— T —meonn | e asmacoss 2sinte
—2¢inx — zcosx x?sinx
—sinz cosT
o — —2sinx —xcosx 3cosx —xsinx _ e sin & cos @ N
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a1 = —apT = 3

—xl—x smm cos w+2 sin? x

So, L(y) = y"" + a2y” + a1y’ + aoy = 0
3. Using characteristic equation 72 + Cr + 4 = 0 with y(0) = 1,%'(0) = —3.

LC=6r24+6r+4=0,r=-3+5=y=ae 3Vl L pe(=3-VOt o ¢ —p =
yzi( —=3+VB)t 4 o(=3- f)t).

N[ =

I C=4,724+4r+4=0,r1=rp=-2=>y=ae 2 4+bte?=>a=1b=-1=
y=e 2 —te 2,
III. C =372 +3r+4=0,r = ’Si‘ﬁi = y = ae " cos VTt + be MOt sin /Tt = a =

1,[):—1757’:>y:e 15t(co>ft— bln\[t)

5. Given % — 4y = cosh 2z

. . 2z —2x _
I. Variation of Parameters ‘.- cosh2z = %, set 41 = €*®,ys = e ?* and have
. I, PN —4x
uhe* +ube ™ = 0 u = L
/2 ! —2x 2 ye 2" = T ele
2uje** — 2use = “—F— up = —:t-%

— 4x
= Yp = U1Y1 + ugy2 = (% - 632 )621 + (_% - egT) e

= (- e = (1 + e
II. Undetermined Coefficients set y = ae?® + be™2* = y"" = 4ae®® + 4be=2* = 4y, so this
is not a good assumption. Try again y = (a; + a2x)e® + (by + baw)e 2 = ¢ — 4y =

4a9€%® —Abye™ 2" = % = a9 = %,bg = —1,a1,b1 arbitrary. = y = %(62$—6_2w).
6. Given 4 Ts +ydy =0 with y(0) = 0,y(%) = —1. Set u = Zg, ng :u% :u%—i—yuzo. If
u = 0, this is a trivial solution. For u # 0, 9% ay TY= 0=u= % = —%y2 +C 26{173742 =

1
§$



I. If C; > 0, let a? —201,—y2 = 23::> ln|y+a| = *iL‘"i‘CQ y(0)=0,...Cy =
0; y(3)=-1,". —5In| 1+Z = Z. Now let s disuss the different situations of a.
¢ea=0,=C =0= % =—4y* = 3% =z + Cs which is conflict with initial
conditions.
e a >0, RHS > 0, LHS < 0, conflict
e a <0, RHS < 0, RHS > 0, conflict
. C1 > 0 cannot find the solution
II. If Cl <0, let a2 = fQCl,éarctan% = fforCz S y(0) =0,. =00 y(3) =
—1,~ tarctan(-1)=-Z = e’ =1=C, =—-} = y=—tan %

10. Given y” + 3y — 2y = f(z) with y(0) = 0,y(1) = 0. We have L = % + 4 2 For
g¢" + ¢ —2g = 0, using charateristic equation 12 +r —2=0=1r = 1L,ry = -2 = g =
Cie® + CQB_QE.

a. For # < 5,9(0) = C1 + C2 = 0 = g(x,5) = C1(s)(e® — e 2%), 2 < s.
b. For z > s,g(1) = Cse + Cye™2 = g(z,5) = C3(s)(e® — e 223) 2 > s

From continuity, Ci(ef — e 2%) = Cy(e® — e~ 273).
From ‘jump’, C’g(e +2e725H3) — Cy(ef +2e7 ) =1/1=1
esS— —2s+3 e 725
= C1 = m, Cs = m
o5 _o—25+3 _og

sy (67 —e777) r<s
= g(x,s) = 3(65 —e 26° ) T —2z+3

m(e — € ) x> S
So the solutlon is y(x fo g(x,s)ds

_e—2z+3 z_ —2ax _
= f 73(2 T L)(es —e 25 ds—l—f f( S)W(es — e 253 ds
2243 _ -2
3(2—7‘?'3—6_“) -ﬁ) (s)(e” — QS)dS + 3(ee—T+§—e f f(s 25+3)d5

For f(x) = 3sinz, y(z) = %(%6 (sinz — cosz) + %e‘2w(2sinx +cosz) + ) +
62Z§f1_$ (e(sinl — 3 cos1) — Je"(sinz — cosz) — te 2*+3(2sina + cos x))



