
Homework 4 Solution

1.a Given x2y′′ − 2xy′ + (2x− 3)y = 0, x = 0 is a regular singular point.

y =
∞∑

n=0

anxn+r

y′ =
∞∑

n=0

an(n + r)xn+r−1

y′′ =
∞∑

n=0

an(n + r)(n + r − 1)xn+r−2

∞∑
n=0

an(n + r)(n + r − 1)xn+r − 2
∞∑

n=0

an(n + r)xn+r + (2x− 3)
∞∑

n=0

anxn+r = 0

∞∑
n=0

an((n + r)2 − 3(n + r)− 3)xn+r + 2
∞∑

n=0

anxn+r+1 = 0

∞∑
n=0

an((n + r)2 − 3(n + r)− 3)xn+r + 2
∞∑

n=1

an−1x
n+r = 0

so the indicical equation is r2−3r−3 = 0 ⇒ r1 = 3+
√

21
2 , r2 = 3−

√
21

2 and r1− r2 6= integer
For r1 = 3+

√
21

2 , an = − 2an−1

n2+
√

21n
, y1 = xr1

∑∞
n=0 anxn

For r2 = 3−
√

21
2 , bn = − 2bn−1

n2−
√

21n
, y2 = xr2

∑∞
n=0 bnxn

y = C1a0x
3+
√

21
2

(
1− 2x

1 +
√

21
+

22x2

(22 + 2
√

21)(1 +
√

21)
− · · ·

)
+

C2b0x
3−
√

21
2

(
1− 2x

1−
√

21
+

22x2

(22 − 2
√

21)(1−
√

21)
− · · ·

)
∵ y(0) < ∞⇒ C2 = 0

∵ y(1) = 1 ⇒ C1a0 = 1

1− 2
1+
√

21
+ 22

(22+2
√

21)(1+
√

21)
−···

⇒ y = x
3+
√

21
2

1− 2x
1+
√

21
+ 22x2

(22+2
√

21)(1+
√

21)
−···

1− 2
1+
√

21
+ 22

(22+2
√

21)(1+
√

21)
−···

1.b Given xy′′ + 2y′ + x2y = 0, x = 0 is a regular singular point.

y =
∞∑

n=0

anxn+r

y′ =
∞∑

n=0

an(n + r)xn+r−1

y′′ =
∞∑

n=0

an(n + r)(n + r − 1)xn+r−2

1



∞∑
n=0

an(n + r)(n + r − 1)xn+r−1 + 2
∞∑

n=0

an(n + r)xn+r−1 +
∞∑

n=0

anxn+r+2 = 0

∞∑
n=0

an((n + r)2 + (n + r))xn+r−1 +
∞∑

n=0

anxn+r+2 = 0

a0(r2 + r)xr−1 + a1((r + 1)2 + (r + 1))xr + a2((r + 2)2 + (r + 2))xr+1+
∞∑

n=0

(an+3((n + r + 3)2 + (n + r + 3)) + an)xn+r+2 = 0

Since y(0) = 1 ⇒ r = 0. y′(0) < ∞⇒ a1 < ∞
∴ a0 6= 0, a1 = a2 = 0, r1 = r2 = 0, an+3 = − an

(n+3)2+(n+3) for n > 0

y1 = a0

(
1− x3

32 + 3
+

x6

(62 + 6)(32 + 3)
− · · ·

)
y2 = y1 lnx +

∞∑
n=1

bnxn

y = C1y1 + C2y2 and y(0) = 1 ⇒ C1a0 = 1, C2 = 0 ⇒ y = 1− x3

32+3 + x6

(62+6)(32+3) − · · ·

5. Given d2x
dt2 + sinx = 0 with x(0) = ε, dx

dt (0) = 0. Looking solutions valid all of the time, let
t = (1 + c1ε + c2ε

2 + · · · )τ , so

ẋ =
dx

dτ

dτ

dt
=

dx

dτ

(
dt

dτ

)−1

=
dx

dτ
(1 + c1ε + c2ε

2 + · · · )−1

ẍ =
d2x

dτ2
(1− 2c1ε + (3c2

1 − 2c2)ε2 + · · · )

x = x0(t) + εx1(t) + ε2x2(t) + · · ·

, and
sinx = x− x3

3! + x5

5! − · · ·
= (x0 + εx1 + ε2x2 +O(ε2))− 1

3! (x
3
0 +3εx2

0x1 +3ε2(x0x
2
1 +x2

0x2)+O(ε2))+ 1
5! (x

5
0 +5εx4

0x1 +
10ε2x3

0x
2
1 + 5ε2x4

0x2 + O(ε2))− 1
7! (x

7
0 + 7εx6

0x1 + 21ε2x5
0x

2
1 + 7ε2x6

0x2 + O(ε2)) + · · ·
= (x0 − x3

0
3! + x5

0
5! −

x7
0

7! + · · · ) + ε(x1 − x2
0x1
2 + x4

0x1
4! − x6

0x1
6! + · · · ) + ε2(x2 − x0x2

1+x2
0x2

2 +
2x3

0x2
1+x4

0x2
4! − 3x5

0x2
1+x6

0x2
6! + · · · ) + O(ε2)

= sinx0 + εx1 cos x0 + ε2
(
x2 cos x0 − x2

1
2 sinhx0

)
+ O(ε2), so

(
d2x0

dτ2
+ ε

d2x1

dτ2
+ ε2

d2x2

dτ2
+ · · ·

) (
1− 2c1ε + (3c2

1 − 2c2)ε2 + · · ·
)

+sinx0 + εx1 cos x0 + ε2
(

x2 cos x0 −
x2

1

2
sinhx0

)
= 0

O(ε0) : ẍ0 + sinx0 = 0, x0(0) = 0, ẋ0(0) = 0 ⇒ x0(τ) = 0

O(ε1) : ẍ1 − 2c1ẍ0 + x1 cos x0 = 0, x1(0) = 1, ẋ1(0) = 0 ⇒ x1(τ) = cos τ

O(ε2) : ẍ2 − 2c1ẍ1 + (3c2
1 − 2c2)ẍ0 + x2 cos x0 −

x2
1

2
sinhx0 = 0, x2(0) = 0, ẋ2(0) = 0 ⇒ x2 = −c1τ sin τ

and τ = (1 + c1ε + · · · )−1t, so

x(t) = x0 + εx1 + ε2x2

= ε cos
(
(1 + c1ε + · · · )−1t

)
− ε2c1(1 + c1ε + · · · )−1t sin

(
(1 + c1ε + · · · )−1t

)



13. Given ẋ + 2x + εx2 = 0 with x(0) = cosh ε. Let x(t) = x0(t) + εx1(t) + ε2x2(t) + · · · , then
cosh ε = 1 + ε2

2! + ε4

4! + · · · , so

O(ε0) : ẋ0 + 2x0 = 0, x0(0) = 1 ⇒x0 = e−2t

O(ε1) : ẋ1 + 2x1 + x2
0 = 0, x1(0) = 0 ⇒x1 =

1
2
(e−4t − e−2t)

O(ε2) : ẋ2 + 2x2 + 2x0x1 = 0, x2(0) =
1
2

⇒x2 =
1
4
e−6t − 1

2
e−4t +

3
4
e−2t

�. Given ẍ− tẋ− x = 0 with x(0) = 1, ẋ(0) = 0.

x =
∞∑

n=0

antn = a0 + a1t + a2t
2 + a3t

3 + a4t
4 + a5t

5 + a6t
6 + a7t

7 + · · ·

x′ =
∞∑

n=1

anntn−1 = a1 + 2a2t + 3a3t
2 + 4a4t

3 + 5a5t
4 + 6a6t

5 + 7a7t
6 + · · ·

x′′ =
∞∑

n=2

ann(n− 1)tn−2 = 2a2 + 6a3t + 12a4t
2 + 20a5t

3 + 30a6t
4 + 42a7t

5 + · · ·

2a2 − a0 = 0 6a3 − 2a1 = 0
12a4 − 3a2 = 0 20a5 − 4a3 = 0
30a6 − 5a4 = 0 42a7 − 6a6 = 0

· · ·
⇒ x = a0(1 + 1

2 t2 + 1
8 t4 + 1

233! t
6 + · · · ) + a1t(1 + 1

3 t2 + 1
15 t4 + · · · )

x(0) = 1 ⇒ a0 = 1
x′(0) = 0 = a0(t + 1

2 t3 + · · · ) + a1(1 + 1
3 t2 + 1

15 t4 + · · · ) + a1t( 2
3 t + 4

15 t3 + · · · ) ⇒ a1 = 0

x =
(

1 +
1
2
t2 +

1
8
t4 +

1
233!

t6 + · · ·
)

=
∞∑
0

1
2nn!

t2n


