
CHAPTER 5

METHODS AND PRELIMINAR Y RESULTS

This chapter outlines the methods usedto executemanipulation of a sphereand

cube including the impact of physical designs,required information basedon the

approach, and manipulation logic. In addition, nonsmooth object manipulation is

discussed,the sharedspaceconceptof object complianceis experimentally veri�ed, a

complete,analytical solution to the inversekinematicsfor a PUMA 560manipulator

is presented, and the Lie bracket motions are experimentally veri�ed.

5.1 Test Bed

The Mechanical Engineering Controls Laboratory at the University of Notre

Damehousesfour, six-DOF Unimate, PUMA 560robots. Thesearethe samerobots

usedfor experiments conductedby Wei [76]. Therefore,much of the hardware and

software infrastructure was already in place.

The robots are �xed on a 94" by 94" raisedplatform equidistant from the plat-

form's center. For variousmanipulation tasksthree typesof balls serve as�ngertips:

racquetballs �lled with expandingfoam to form a relatively rigid �ngertip, and two

typesof pliable balls to function ascompliant �ngertips, oneapproximately 2.2" in

diameter and the other approximately 2.75" in diameter. For the last of these,six

forcesensorsare mounted on each with double-sidedtape for closedloop manipula-

tion tasks. Each robot hasthe following nominal parameters:lo = 26:45", l1 = 9:2",
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l2 = 17:0", l3 = 3:7", and l4 = 17:05", wherethe lengthsare asshown in Figure 3.4.

In addition, the �nger has length l5 = 6:0". A picture of the test bed is shown in

Figure 5.1.
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robot 2

robot 4

Figure 5.1. Robotic Manipulation Test Bed

Locally, each robot has the samecoordinate frame. Their con�gurations with

respect to a global palm frame are
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wheregP Si ; i = 1; 2; 3; 4 represents the transformation from the palm to the station

frame of robot i . The object's frame initially hasthe sameorientation asthe palm's

frame and is located at the center of the platform. Its height is dependent on the

object. The entire layout is depicted in Figure 5.2.
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Figure 5.2. Schematic of Robotic Manipulation Test Bed
with ReferenceFrames

The robots are controlled via a Pentium II I, 500MHz computer running Linux

Redhat release7.2 containing three Galil 1880motion control boardswith 100-pin

cable connectors. Each board can control up to 8 axes. Board #1 controls joints

1 and 4 on each robot, Board #2 controls joints 2 and 5, and Board #3 controls

joints 3 and 6, where the joint numbers are as labeled in Figure 3.3. Additionally ,

each board has8 analoginput channelswhich in
uenced the selectionof the number

of force sensorson each robot. The sensorreadingsare converted to a computer
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signal via a 16-bit analog-to-digital converter with a rangeof � 10 V. This rangeis

standard for the Galil boards;however, the higher resolutionconverter will partially

make up for the fact that the force values should never be negative as an 8-bit

converter is standard. Physically, the robots and sensorsareconnectedto the boards

through Galil ICM-1900 interconnect modules. These modules separatethe I/O

connectionsfrom the motion control boards' main cablesinto individual screw-type

terminals. Finally, communication is provided through in-housedevicedrivers. The

drivers make possiblethe reading of robot joint information by the computer and

the sendingof commandsto the robot. Code for the devicedrivers is given in [76].

All code to run the robots is written in the C programminglanguageand is included

in Appendix C.

5.1.1 Wrist Assembly

Due to the designof the wrist, it is necessaryto makea distinction betweenwrist

motor angles,given by encoder counts, and wrist joint anglesgiven by the actual

rotation of a joint. The wrist designis shown in Figure 5.3.

Due to the linkageassembly, a rotation of motor four causesboth joints �v e and

six to rotate. Likewise,a rotation of motor �v e causesjoint six to rotate. Assuming

motor four has been driven, the encoder readingson motors �v e and six remain

the samewhile the direction of each joint changes. Therefore, it is necessaryto

make corrections to joints �v e and six when transforming from encoder counts to

joint angles,and from joint anglesto encoder counts. The correction factors used

were c45 = � 0:014, c46 = � 0:013, and c56 = � 0:181, where the subscripts indicate

the association between the two coupled joints. For example, if joint four is held

constant, and joint �v e is rotated 100� , then joint six rotates -18:1� while the counts
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Figure 5.3. PUMA 560Wrist Assembly [71]

on the encoder attached to motor six do not change. An exampleof this passive

rotation of joint six is shown in Figure 5.4.

5.1.2 Fingertip Design

The rubber balls serving as the �ngertips for closedloop manipulation have a

hollow core. The �nger itself has a threaded screw,and, originally, the balls were

placedover this screwand securedon the 
ange. With this setup,however, whenthe

�nger is in contact with an object and joint six rotates, it is possiblefor the �ngertip

to slip on the �nger. This losesinformation regarding the �nger con�guration. To

prevent this, a threadedwooden dowel wasplacedon the screw,glue applied to the

outside of the dowel, and the �ngertip slid over the dowel. The �nger with and

without the dowel are shown in Figure 5.5.
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Figure 5.4. MechanicalCoupling of the Wrist Joints. When
joint �v e is commandedto rotate, joint six passively ro-
tates.

5.2 Haptic Sensors

The force sensorswere purchased from Tekscan, and sell under the product

name of FlexiForcer . The sensorsare inexpensive and useful for this application

for several reasons.First, becausethe sensorscan be 
exed, they provide a method

for measuringforcesapplied to curved, compliant surfaces.Second,the sensordrift

is minimal in the time framesused. This characteristic will prove useful sinceforce

information is required after the �ngers have beenin contact with an object for an

extendedtime, during �xed-p oint manipulation for example. Finally, the sensors

are very thin so they can be a�xed to the surfaceof the �ngers with little impact

on surfaceproperties or geometry. One drawback is that the sensorsare meant to

measurenormal forcesbut shear forcescan damagethem. Shearingcan certainly

occur during the manipulation processif the direction of joint six changeswhile

the �nger is not rolling. In addition, the wrist joint correctionscan causea shear

as well. For thesereasons,it was decidedto keepthe orientation of joint six �xed
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Figure 5.5. Finger without and with ThreadedDowel

during object acquisition and while checking the slip condition, but to allow it to

changeduring manipulation.

The sensor'soutput is converted to a voltage and collectedthrough the analog

input channelsavailable on the motion control boards. A picture of a sensorsuite

on a �nger is shown in Figure 5.6.

Figure 5.6. Robotic Fingertip Sensors
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The sensorsprovide information on the contact location on the �nger and an

input to check the slip condition. It is assumedcontact occursat a point and that

this point is located at the geometriccenter of a sensor. In reality, several sensors

will be in contact with the object so the contact coordinates are then taken as the

centroid of the point forces.Approximating the sensorsurfaceasa plane,Figure 5.7

shows the locations of the sensorson a �nger. The contact coordinatesu and v are

con�ned within the rectangleconnectingthe centers of the six sensors.

3 4 5
2 6

u

v1

Figure 5.7. Finger Contact Coordinates According to Sen-
sor Locations

The centroid method would be advantageousif onesensoris saturating quickly.

In this case,the error in the contact coordinate would be skewed lessto the bad

sensorwith the centroid approach. If signal noise is present, it is expected to be

worsewith the robots in motion. However, the sensorswill be read oncethe robots

have completed a motion. This should be the optimal time to obtain the sensor

information sincemotor power will be minimal.

Oncethe contact coordinateson the �nger aremeasured,the contact coordinates

on the object can be calculated basedon the �ngertip's current location, recalling
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that this is determinedfrom the forward kinematicsmapping wherethe joint angles

are read from the robot's motor encoders. It remains to transform this position

to the object's frame. This formulation is delayed until Section 5.4 so that the

seconduseof the force sensorscan be presented next. This also preservesa more

natural order since the robots must successfullyhold an object prior to concerns

regarding necessaryinputs to the motion planning algorithm. The seconduse for

force feedback is accessingthe \slip" condition. This ensuresthe object is not

dropped during manipulation.

5.3 Slip Condition

The term slip condition is usedto indicate whetherthe �ngers havea �rm enough

grasp of the object to keep from dropping it. Despite the name, no knowledgeof

object or object/end-e�ector dynamicsis inferred. Monitoring of the slip condition

could allow for tra jectory modi�cation at any point during manipulation. The

manipulation processhere is to acquire the object, rotate the object, recon�gure

the �ngers, and check the slip condition. Thesesteps are repeated if the desired

amount of rotation has not beenmet. Sensorinformation is used in the �rst and

last stepsaspartial inputs to a fuzzy controller. The controller outputs adjustments

to the �ngers' positions.

The fuzzy controller contains two inputs, the current maximum contact force

and the current x-position of the �ngertip, and one output, the changein the de-

sired position of the �ngertip. The membership functions for the input and output

variables associated with manipulating the ball are shown in Figure 5.8. For the

cube, the range on both input membership functions was changed to [0; 5] and

[29; 31] for the force and x-position, respectively.

101



0 0.5 1 1.5 2 2.5 3 3.5 4

0

0.5

1

Maximum Contact Force (V)

low med hi xhi xxhi

28 28.2 28.4 28.6 28.8 29 29.2 29.4 29.6 29.8 30

0

0.5

1

X-Position of Fingertip (in.)

D
eg

re
e 

of
 m

em
be

rs
hi

p small med large xl xxl

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

0

0.5

1

Change in Fingertip Position (in.)

LN N Z P LP

Figure 5.8. Membership Functions for Fuzzy Controller to
Check Slip Condition of Ball

A systemwith 2 inputs and 5 membership functions for each input usesa maxi-

mum of 25 rules. Theserules are represented by the rule table shown in Figure 5.9.

The symmetry of the rule table shouldbenoted. In addition, the rule set is modular;

it wasoriginally developed for an inverted pendulum controller. The controller was

simple to recon�gure asonly the valuesof the membership functions werechanged.

This modularit y is a desirablefeature of fuzzy systems,and can be usedto accom-

modate various-sizedobjects.

It is assumedthat a �nger displacement along the contact normal is su�cien t

to stabilize the grasp. To reducethe number of computations, the contact normal

was estimated to be the x-axis of each �nger. In addition, rather then designing

a multi-output controller, the output is transformed along the components of the

�nger's x-axis. This is given by the �rst column of the �ngertip's con�guration with
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Figure 5.9. Rule Table for Fuzzy System

respect to the station frame gsf . Therefore,the new desiredposition vector is

p = � [R11 R12 R13]
T ;

where � is the controller's output, and R is the rotation matrix associated with

the con�guration gsf . The inversekinematics is usedto calculate the joint angles

required to reposition the �nger while maintaining a �xed orientation. This process

is continued until j� j < 0:05". Checking the slip condition provides a rudimentary

form of force closure.

A grasp is force closure if it can resist an arbitrary wrench [47]. In the case

of manipulation, the most prevalent external force is usually the body's weight.

Veri�cation of a force-closuregrasp is di�cult to show except for casesinvolving

simple �nger models and simple surfaces.Therefore, the majorit y of work doneon

determining force closurefor graspinghas beendone for planar, polygonal shapes.

This is due to the fact that constructive approachesare readily attainable for two-

dimensional (2D) cases[38]. For a treatment of the issuesraised regarding 3D
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grasping,the interestedreaderis referredto [62]. It hasbeenshown, however, that

between seven and twelve frictionless, point-contact �ngers are required to grasp

many 3D objects [47].

The basicresults from 3D forceclosureresearch posit that a forceclosuregrasp

is morelikely under the conditionsof high friction, and, for nonsmooth objects, high

compliance,and contact of a vertex. The assertionhere is that the manipulation

system exhibits these characteristics. A soft �nger can replace three frictionless,

point contact �ngers [51]. Sincethe manipulation systemhasfour compliant �ngers,

this is equivalent to greater than the 12 frictionless,point-contact �ngers neededto

graspmany 3D objects.

The main task from a forceclosurestandpoint in this work is to balancegravit y

during object acquisitionand the subsequent manipulation process.Despitethis, no

explicit force closurecalculations are performed in real-time to provide additional

feedback to the slip controller. Instead, haptic feedback will play a dual roll in

balancing a basic level of force closure with minimizing errors introduced due to

compliance.

5.4 Contact Coordinate on an Object

Oncethe robots have grasped and lifted the ball, the con�guration betweeneach

robot's station frame and the object is known sincethe �ngertip and object share

a common contact point. The subscript of the local frame has been dropped in

the following since, ultimately, only the location of the frame's origin and not its

orientation is required. It should be recalled, as described in Section 3.9.3, that,

while l f and lo sharea commonorigin, they, generally, have di�eren t orientations.

According to the framesshown in Figure 5.10,the con�guration of the contact frame
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with respect to the object's frame for robot i is

gol = g� 1
si o gsi f g� 1

F f gF l ; (5.1)

wheregsi o is the con�guration of the object with respect to robot i 's station frame

and gsi f is the con�guration of the �ngertip with respect to robot i 's station frame.

The latter is determinedfrom the forward kinematicsusing the robot's current joint

angles. The con�guration of the �ngertip's frame with respect to the �nger frame

gF f is a �xed transformation given by
2

6
6
6
6
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0 1 0 0
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0 0 0 1

3

7
7
7
7
5

;

where r f is the �nger's radius. The �ngertip was chosensinceit directly gives the

desiredlocation for graspingand manipulating an object. The contact coordinate,

however, is measuredwith respect to the �nger's center F . Therefore,the �ngertip

is usedat the cost of an additional calculation. The location of the contact frame

with respect to the �nger's frame gF l is measuredby the force sensors,and this

frame's orientation is determinedby the Gaussframe at the contact point. In this

case,the location and orientation give gF l f , the con�guration of the contact frame

on the �nger with respect to the �nger. As mentioned previously, this is of no

consequencesincethe two contact framesl f and lo sharea commonorigin.

Once the contact location is determined from Equation 5.1, it must be rotated

back by an amount equal to the current total rotation of the object to determine

the correct contact coordinates sincegsi o is �xed in Equation 5.1. The amount of

rotation is basedon the desiredvalue of the �xed-p oint rotation and that the ball's

con�guration doesnot changeduring �nger Lie bracketing. Theoretically, after each

rotation the contact coordinatesremainunchangedbecausethe object rotatesaswell
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Figure 5.10. Manipulator and Object Framesto Determine
Object's Contact Coordinates

and the contact coordinatesare determinedrelative to the object's frame. Sincethe

�nger haschangedposition relative to its station frame, however, the contact point

must be calculatedas if the ball remained�xed and the �ngers repositioned. Then

the point of contact must be rotated back so that the proper contact location is

pol = RT
! (� ) ~pol ; where RT

! (� ) is the rotation matrix about the general twist axis

! by an amount � equal to the current total rotation of the object and ~pol is the

location of the contact point on the object as determined from Equation 5.1. An

alternative approach would be to rotate the object's frame so that gsi o is no longer

constant, prior to applying Equation 5.1.

The object's contact coordinatesare then given by

u = asin(zo=ro) and v = atan2(yo; xo);

where xo, yo, and zo are the x-, y-, and z-components of pol , respectively. Finally,

the contact angle is
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 = atan2(� Gx
o � Gy

F ; Gx
o � Gx

F ) ;

where Gx
o and Gx

F are the x-axesof the Gaussframeson the object and �nger at

the point of contact, respectively, and Gy
F is the y-axis of the Gaussframe on the

�nger.

5.5 Lie Bracket Decomposition

Any Lie bracket canbewritten asa composition of 
o wsalongtwo existingvector

�elds. By necessity, as the order increases,the number of compositions increases.

Due to the skew symmetric property of Lie brackets, however, some reductions

occur. The reductionsappear in two forms: 1) Flow alongthe samevector �eld and

in the samedirection occurs for back-to-back compositions. This is equivalent to


o wing along the vector �eld for twice the time, eliminating one 
o w, and 2) Flow

along the samevector �eld and in the opposite direction occurs for back-to-back

compositions. In this case,the 
o ws commute, eliminating both. For example,the

secondorder brackets g4 = [g1; g3] and g5 = [g2; g3] usedfor the manipulation task

can be executedas

� g4
t2 = � � g3

t � � � g1
t � � g3

t � � g1
t

= � � g1p
t

� � � g2p
t

� � g1p
t
� � g2p

t
� � � g1

t � � � g2p
t

� � � g1p
t

� � g2p
t
� � g1p

t
� � g1

t

= � � g1p
t

� � � g2p
t

� � g1p
t
� � g2p

t
� � � g1

t � � � g2p
t

� � � g1p
t

� � g2p
t
� � g1p

t+ t
;

� � g4
t2 = � � g1

t � � � g3
t � � g1

t � � g3
t

= � � g1
t � � � g1p

t
� � � g2p

t
� � g1p

t
� � g2p

t
� � g1

t � � � g2p
t

� � � g1p
t

� � g2p
t
� � g1p

t

= � � g1

t+
p

t
� � � g2p

t
� � g1p

t
� � g2p

t
� � g1

t � � � g2p
t

� � � g1p
t

� � g2p
t
� � g1p

t
;
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� g5
t3 = � � g3

t � � � g2
t � � g3

t � � g2
t

= � � g1p
t

� � � g2p
t

� � g1p
t
� � g2p

t
� � � g2

t � � � g2p
t

� � � g1p
t
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t
� � g1p

t
� � g2

t

= � � g1p
t

� � � g2p
t

� � g1p
t
� � � g2

t � � � g1p
t

� � g2p
t
� � g1p

t
� � g2

t ;

and

� � g5
t3 = � � g2

t � � � g3
t � � g2

t � � g3
t

= � � g2
t � � � g1p

t
� � � g2p

t
� � g1p

t
� � g2p

t
� � g2

t � � � g2p
t

� � � g1p
t

� � g2p
t
� � g1p

t

= � � g2
t � � � g1p

t
� � � g2p

t
� � g1p

t
� � g2

t � � � g1p
t

� � g2p
t
� � g1p

t
;

where the composition of 
o ws occurs from right to left. If one is willing to keep

track of the forward and backward 
o ws within a bracket motion, it is possibleto

decomposethe motions even further.

5.6 Manipulator Jacobian

Murray et al. [47] describe a Mathematicar packagefor performing screwcalcu-

lations, including calculating the Jacobian. In addition, recalling the discussionof

Section3.6.1,another formulation of the Jacobianis presented here. The Jacobian

essentially shows twists associated with a speci�c joint in a generalcon�guration

as opposedto the zero con�guration described previously. Basically, the columns

of the Jacobian map movements of individual joints to tool frame velocities. For

all joints prior to the tool frame, the remainder of the manipulator is treated as a

single, rigid body attached to the joint of interest. Similarly, joint movements of

precedingjoints can be mapped to velocities of a frame on the joint directly follow-

ing the moving joint. For this reason,the �rst column of a manipulator's Jacobian

is always simply the twist of the �rst joint. The velocity of a frame on joint two
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is only a�ected by joint one and so on. For example, when joint one is rotated,

the axis of joint two now points in a new direction. This can be determined from

~! 2 = !̂ 1! 2. Similarly, the new location ~q2 of q2 can be determined. After traversing

all the joints in this fashion, the e�ect of joint movements on the manipulators tool

frame hasbeendetermined. Once ~! 2; : : : ; ~! 6 and ~q2; : : : ; ~q6 are determined,the new

twists, which are the columnsof the Jacobian,can be computedas usual.

For the PUMA 560manipulators usedin this work, the �rst four columnsof the

spatial Jacobianare shown in Figure 5.11,and column �v e is shown in Figure 5.12

as returned by the Mathematicar package mentioned above. Column six is not

shown due to its shearsize;however, the increasingcomplexity of the Jacobianas

more and more joints are traversedis obvious.

5.7 Kinematic Simulation

A graphicalsimulation of the manipulation systemhasbeene�ected in Matlab r .

It is a kinematic simulation, simply showing the changingposition of each robot. Its

main useis to test open loop tra jectoriesto ensurerobots do not collide in real-time.

The simulation was usedto createa \time-lapsed" version of the robots acquiring

an object shown in Figure 5.13, although the object was only shown for reference,

and not animated.

5.8 Extended Systems

The contact kinematics for a spheremoving on a plane wasgiven in section4.2.

This represents the local contact coordinates for an end-e�ector to roll or slide on

the faceof the cube. Here, the new vector �elds, composedof Lie brackets, which

replacethe sliding velocities vx , vy, and ! z under rolling constraints are presented
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Figure 5.11. First Four Columnsof the Spatial Manipulator
Jacobianfor the PUMA 560
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Figure 5.12. Column Five of the Spatial Manipulator Ja-
cobian for the PUMA 560
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Figure 5.13. Simulation for Acquiring an Object

as well as the vector �elds for a sphererolling on a spherefor manipulation of the

rubber ball.

For the caseof a ball rolling on a plane, the extendedsystemis
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v3: (5.2)

112



For the caseof a sphererolling on a sphere,the extendedsystemis
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v3: (5.3)

5.9 Nonsmooth Object Manipulation

It will be shown in Chapter 6 that compliant �ngers can be usedto graspnons-

mooth objects on their edges,a tenuoustask usingrigid �ngers. This represents the

entire motivation for usingcompliancein the senseintimated throughout this work.

Manipulating nonsmooth objects presents a challengefrom a mathematical stand-

point becausethe surfacesthat represent a cube, for example,cannot be smoothly

connected. The end of Chapter 6 will be spent investigating two avenues around
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this. In the �rst case,the cubewill begraspedon its edges.Then, it will beassumed

that the edgeis a part of the faceonto which the �nger would roll during Lie brack-

eting. In the secondcase,the cube will be grasped on its faces. Mathematically,

the motion planning algorithm will assumethe cube has beenunfolded into a 
at

surfaceas shown in Figure 5.14. This approach allows the �ngers to, theoretically,

roll acrossthe edgesunencumbered. Sincethis is not true practically, however, the

edgemust be detected. Oncedetected,the contact normal must be rotated � 90� to

move the �nger onto the new facewhile the �nger recon�guration continueswhile

alsoaccounting for the changesin the directions of the rolling velocities.

4

1

42

3
5

6

6 5 2

1

3

Figure 5.14. An Unfolded Cube is Treatedasa Flat Mani-
fold for Motion Planning

The above discussioncompletesall the information necessaryto determinerobot

joint anglesfor manipulation. Using the approach to manipulation described here,

it is possible to use the modi�ed constraint equation given in Equation 3.28 for

both �xed-p oint contact and �nger recon�guration. In the �rst instanceno rolling

is assumedso� = 0. In the latter no object motion is assumedsoV s
po = 0. It is only

necessaryto recall that when performing rotation, joint anglesfor all the �ngers

are solved simultaneously instead of individually when recon�guring the �ngers.

114



Therefore, during rotation the hand Jacobian and hand grasp map described in

Equation 3.20must be used.

Prior to discussingmanipulation logic, experimental resultsverifying object com-

pliance, the inversekinematics solution, and the Lie bracket motions generatedare

presented. The next chapter presents experimental results associated with the crux

of this research, object manipulation.

5.10 ComplianceVeri�cation

To test the presentation of shared-spacefor object complianceof Section3.9.5,

three objects of varying compliancewere tested. The �rst was an under-in
ated

soccer ball; the second,a rubber \pla yground ball" in
ated to 22 psi; the third, a

solid cube made of balsa wood. Intuitiv ely, it is known that the soccer ball is the

most compliant, followed by the rubber ball, and then the cube. To test this, each

object was acquiredand the sensorvaluesand joint encoder counts were recorded.

Ideally, the compliancedeterminedbasedon each �nger shouldbe equivalent. How-

ever, this is not the case,and a \compliance index" basedon an averagefor the

�ngers was computed for each object.

5.10.1 Determining the Height of the SphericalCap

To determinethe height of the sphericalcapfor the test bedshown in Figure 5.1,

it is necessaryto write the object in the palm's frame as

gP O =

2

6
6
6
6
6
4

1 0 0 47

0 1 0 47

0 0 1 pz

0 0 0 1

3

7
7
7
7
7
5

;

wherepz dependson the particular object. The height is

h = ro + r f � pof ; (5.4)
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where ro is the distancefrom the object's origin to its face for a 
at object or the

object's radius for a sphere,r f is the �nger's radius, and pof is the distancebetween

the object and �nger as shown in Figure 5.15where

pof =
q

(px
o � px

f )2 + (py
o � py

f )2 + (pz
o � pz

f )2:

The object and �nger are not touching if pof > ro + r f . This implies h < 0. Since

the height of the sphericalcap must be positive, it is concludedthat

0 � h < 2r f :

F

O

po p
f

p
of

P

Figure 5.15. Vectors used to Determine the Height of the
SphericalCap for ComplianceCalculation

The volume of the sphericalcap is [64]

Vc =
�
3

h2 (3r � h) : (5.5)

Comparing this with the total volume of the �nger gives a measurement of the

shared-spacebetween the object and �nger. If the �nger is completely enveloped

by the object, then the amount of sharedspaceis equal to the volumeof the �nger.

116



This can be seenby substituting for h in Equation 5.5. Then

Vc =
�
3

(2r f )2 (3r f � 2r f )

=
4
3

� r 3
f :

For a sphericalobject the height (radius) is twicethat of the height of a spherical

cap. The spacea sphericalobject cuts out of a spherical�nger while passingthrough

it consistsof an additional cap whoseheight is also h. The di�erence betweenthe

two volumesan object removesfrom a spherical �ngertip while sharing spacewith

it is like slicing open a cantaloupe with a knife for a 
at object surface versus

removing a scoop from the cantaloupe with a melon baller for a spherical object.

From Equation 5.4, a sphericalobject completelyenvelopsthe �nger whenr o = pof .

5.10.2 Results

For the three objects, the complianceindex valuesshown in Table 5.1 were de-

termined. This veri�es preconceived ideasregardingthe complianceof each object.

Testingthe cubepresented a challengebecauseit is freeto slideif one�nger contacts

the object prior to its opposing�nger. This is generallythe case,and, therefore,in-

formation about po is lost. The two valueslisted in Table 5.1 for the cube represent

two trials. First, the cube washeld �xed during the acquisition procedure.Second,

the cube wasallowed to slide. Even though the valuesdi�er, they still represent the

most rigid object relative to the other two. Finally, as a test for repeatability, �v e

trials were run for each object. The complianceindices for each trial are shown in

Figure 5.16. In no casedid complianceindicesoverlap.

5.11 InverseKinematics of a PUMA 560Manipulator

The geometry of a PUMA 560 manipulator makes the subproblem approach

described in Section3.6.2tractable. First, given the desiredcon�guration, gst (� ) =
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Table 5.1

COMPLIANCE INDICES FOR THREE OBJECTS

Object ComplianceIndex
Soccerball 0.16
Rubber ball 0.08

Cube 0.05,0.03

gd, the POE is modi�ed by post-multiplying by g� 1
st (0)

e�̂ 1 � 1 e�̂ 2 � 2 e�̂ 3 � 3 e�̂ 4 � 4 e�̂ 5 � 5 e�̂ 6 � 6 = gdg� 1
st (0) := g1: (5.6)

Beforeproceeding,the following two lemmasare introduced[81]:

Lemma 5.11.1 Position Preservation.
Given a zero-pitch twist � and a point on the twist p, the position of the point

wil l not changeduring rotation, i.e., e�̂ � p = p. �

Lemma 5.11.2 Distance Preservation. Let q be a point on a zero-pitch twist axis,
� . Choosep to be a point on a rigid body associated with � . After rotation about �
by an angle� , the distance between p and q is preserved, i.e., jje�̂ � p� qjj = jjp � qjj .
�

Next, the forward kinematicsis applied to a point Pw on the robot's wrist, at the

intersectionof joints 4, 5, and6. Motion of this point is invariant undera transforma-

tion of the wrist accordingto Lemma5.11.1.Mathematically, e�̂ 4 � 4 e�̂ 5 � 5 e�̂ 6 � 6 Pw = Pw .

Equation 5.6 becomes

e�̂ 1 � 1 e�̂ 2 � 2 e�̂ 3 � 3 Pw = g1Pw : (5.7)

A point Pb at the intersectionof the �rst two axesis subtracted from both sidesof

Equation 5.7

e�̂ 1 � 1 e�̂ 2 � 2 e�̂ 3 � 3 Pw � Pb = g1Pw � Pb: (5.8)
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Figure 5.16. Repeatability of ComplianceIndex for Various
Objects

Similarly, e�̂ 1 � 1 e�̂ 2 � 2 Pb = Pb. So,Equation 5.8 can be written as

e�̂ 1 � 1 e�̂ 2 � 2

�
e�̂ 3 � 3 Pw � Pb

�
= g1Pw � Pb: (5.9)

It can be seenfrom Figure 5.17 that, of the remaining unknowns in Equation 5.9,

only � 3 a�ects the distancebetweenPw and Pb. After applying a rigid-body motion

to the robot, the points represented by the left-hand-side and right-hand-side of

Equation 5.9 must remain the samedistance apart. The left-hand-side of Equa-

tion 5.9 represents the distance betweenPw and Pb after rotating about � 3 by an

angle � 3. Taking the magnitude of both sidesof Equation 5.9 and solving for � 3

gives

sin� 3 =
d2

x + d2
y + d2

z � l2
1 � l2

2 + 2l1l3 � l2
3 � l2

4 � 2dzlo + l2
o

2l2l4
; (5.10)

where dx , dy, and dz are the desired coordinates of the wrist in the x-, y-, and

z-directions, respectively, and lo, l1, l2, l3, and l4 are as shown in Figure 3.4.
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P    -   P
w

b

Figure 5.17. The DistancePw � Pb is Fixed under a Rigid-
Body Transformation not Involving Joint 3

Once� 3 is found, Equation 5.7 can be written as

e�̂ 1 � 1 e�̂ 2 � 2 P2 = g1Pw ; (5.11)

whereP2 = e�̂ 3 � 3 Pw . This problem consistsof a rotation of � 2 about � 2, taking point

P2 to P
0

2 as shown in Figure 5.18. Next, P
0

2 is followed on a rotation of � 1 about � 1

to q = g1Pw . As many as two solutionsexist for � 2 shown by the intersectionof the

two circlesat P
0

2 and P
0

20 in Figure 5.18.

If q1 is an arbitrary point on � 1 then

e�̂ 1 � 1 e�̂ 2 � 2 P2 � q1 = q � q1

e�̂ 1 � 1 e�̂ 2 � 2 P2 � e�̂ 1 � 1 q1 = q � q1

e�̂ 1 � 1

�
e�̂ 2 � 2 P2 � q1

�
= q � q1






 e�̂ 1 � 1

�
e�̂ 2 � 2 P2 � q1

� 




 = kq � q1k

ke�̂ 2 � 2 P2 � q1k = kq � q1k := � :
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P2

P'2

2x

1x

2q

1q

P'2'

q

Figure 5.18. Rigid-Body Rotation about Two Intersecting
Axes

P2 is rotated about � 2 until it is a distance � from q1. As shown in Figure 5.19 u

and v are de�ned as u = P2 � q2 and v = q1 � q2. Substituting for P2 and q1

ke�̂ 2 � 2 (u + q2) � v � q2k = ke�̂ 2 � 2 u + e�̂ 2 � 2 q2 � v � q2k

= ke�̂ 2 � 2 u + q2 � v � q2k

= ke�̂ 2 � 2 u � vk = � :

This setup is projected onto a plane perpendicular to the direction of the twist

axis. Theseare alsoshown in Figure 5.19. The direction of � 2 is ! 2 = (0; � 1; 0)T .

Therefore, the orthographic plane is the x � z plane. If ! 2 2 R3 is a unit vector in

the direction of � 2 then

u? = u � ! 2! T
2 u

v? = v � ! 2! T
2 v

� 2
? = � 2 �






 ! T

2

�
P

0

2 � q1

� 






2
;
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Under the distance preservation lemma, ku? k = kv? k, and � can be solved for

knowing

u? � v? = ku? kkv? k sin� ! 2;

and

u? � v? = ku? kkv? k cos� ! 2:

Then

� = atan2
�

! T
2 (u? x v? )

| {z }
� sin �

; u? � v?| {z }
� cos�

�
;

whereatan2 is the quadrant-speci�c arc tangent. Also,

� 2
? = ku? k2 + kv? k2 � 2ku? k kv? k cos�:

Finally, solving for the joint anglegives

� 2 = � � cos� 1

 
ku? k2 + kv? k2 � � 2

?

2ku? k kv? k

!

: (5.12)

P2

q2̂ , 2x

q1̂

û

v̂
P'2

d̂

2q

f

q

(b)

z

x y

2x
q2

P'2

P2

2q

q1

1x

u

v
d

(a)

Figure 5.19. (a) GeometricDescriptionsfor Solving for � 2,
and (b) Their Orthographic Projections

With � 2 known, � 1 can be solved for since

e�̂ 1 � 1

�
e�̂ 2 � 2 e�̂ 3 � 3 Pw

�
= g1Pw :
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This is the �rst subproblem| rotation about a single axis. Basedon the nomen-

clature in Figure 5.20

u = e�̂ 2 � 2 e�̂ 3 � 3 Pw � q1

and

v = e�̂ 1 � 1 e�̂ 2 � 2 e�̂ 3 � 3 Pw � q1

= e�̂ 1 � 1 e�̂ 2 � 2 e�̂ 3 � 3 Pw � e�̂ 1 � 1 q1

= e�̂ 1 � 1

�
e�̂ 2 � 2 e�̂ 3 � 3 Pw � q1

�
:

q1

1x

1q

u

v

PSfrag replacements

g1Pw

e�̂ 2 � 2 e�̂ 3 � 3 Pw

Figure 5.20. Subproblem1: Rotation about a singleaxis

Substituting u into the last equality gives

v = e�̂ 1 � 1 u:

Sinceu and v are vectorse�̂ � u = e!̂ � u. By convention, the last element of a vector

is 0, and, thus, makesno contribution to the following formulation.
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Next, u and v are projected onto a plane perpendicular to � 1. Similarly to the

solution for � 2,

u? = u � ! 1! T
1 u;

v? = v � ! 1! T
1 v;

u? � v? = ku? kkv? k sin� 1 ! 1; and

u? � v? = ku? kkv? k cos� 1 ! 1:

Solving for � 1 gives

� 1 = atan2
�
! T

1 (u? � v? ) ; u? � v?
�

: (5.13)

To this point solutions for � 1, � 2, and � 3 have been found. These give the

necessaryjoint anglesto achieve the desiredposition of the tool frame. It remains

to determine � 4, � 5, and � 6 necessaryto orient the frame. Sincethe tool frame is

placed at the wrist, where � 4, � 5, and � 6 intersect, it is possibleto rotate the tool

frameto the proper orientation without changingits position, thereby leaving � 1, � 2,

and � 3 una�ected. Therefore, �nding � 4, � 5, and � 6 givesthe desiredcon�guration,

and completesthe solution.

Separatingthe remaining unknowns in the forward kinematics equation gives

e�̂ 4 � 4 e�̂ 5 � 5 e�̂ 6 � 6 = e� �̂ 3 � 3 e� �̂ 2 � 2 e� �̂ 1 � 1 g1 := g2: (5.14)

To begin, Equation 5.14 is applied to a point q6 on � 6 to eliminate � 6

e�̂ 4 � 4 e�̂ 5 � 5 q6 = g2q6:

This is in the form of subproblem 2 | rotation about two subsequent axes. A

point at the intersectionof twist axesfour and �v e is the samePw as above, but it

should be noted that this point is di�eren t from q6. A point c can be de�ned that
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is equidistant from exp(�̂ 5� 5q6) and exp(� �̂ 4� 4g2q6). That is, a rotation of q6 about

� 5 by an amount � 5 takes q6 to c. Next a rotation of c about � 4 by an amount � 4

takesc to g2q6. The latter is equivalent to rotating the point g2q6 about � 4 by an

amount -� 4, taking the point to c. Hence,

e�̂ 5 � 5 q6 = c = e� �̂ 4 � 4 g2q6:

Thesepoints are shown in Figure 5.21.

x
6

x
4

x
5

PSfrag replacements

e�̂ 5 � 5 q6 = c

e�̂ 4 � 4 c = g2q6

Pwq6

Figure 5.21. Subproblem 2: Rotation about Two Subse-
quent Axes

Finding c is quite involved, and the interested reader is referred to Murray et

al. [47] for the details. Using their nomenclatureand the particulars of the PUMA

560 it is known that

� = ! T
4 v;

� = ! T
5 u;


 2 = kuk2 � � 2 � � 2; and

c = Pw + � ! 4 + � ! 5 + 
 (! 4 � ! 5) ;
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whereu = exp(�̂ 5� 5)q6 � Pw and v = g2q6 � Pw . With c known, the solutions for � 4

and � 5 canbe determinedusingthe �rst subproblemwhich waspreviouslydescribed

for the solution of � 1.

Once � 4 and � 5 are known, only � 6 is left to solve for. Its solution is another

subproblem1 given that

e�̂ 6 � 6 = e� �̂ 5 � 5 e� �̂ 4 � 4 g2:

Applying this to a point P not on � 6 gives

e�̂ 6 � 6 P = e� �̂ 5 � 5 e� �̂ 4 � 4 g2P:

As shown in Figure 5.22,u and v are de�ned as

u = P � q6 and

v = e� �̂ 5 � 5 e� �̂ 4 � 4 g2P � q6:

As before,the projections are given by

u? = u � ! 6! T
6 u

v? = v � ! 6! T
6 v:

The solution for � 6 is

� 6 = atan2
�
! T

6 (u? � v? ) ; u? � v?
�

: (5.15)

Resultsfor a test of the inversekinematicssolution applied to onerobot is shown

in Figure 5.23. The robot was commandedto trace out a 7" diameter circle in the

x-y plane. At each point in the tra jectory, the orientation of the tool frameis desired

to be the sameas that of the baseframe. Each point in Figure 5.23 is a plot of

the desiredcon�guration superimposedover the calculatedcon�guration. The �lled

circlesrepresent the positionswhile the protruding linesrepresent the orientations of
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6q
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PSfrag replacements

e�̂ 6 � 6 P
e� �̂ 5 � 5 e� �̂ 4 � 4 P

q6

Figure 5.22. GeometricDescriptionsfor Solving for � 6

the three baseaxes.That there is little di�erence in either caseshows, qualitativ ely,

that the inversekinematics solution presented is correct.

The inverse kinematics solution gives the joint anglesnecessaryto achieve a

certain con�guration of the tool frame. In practice, however, the con�guration of

an end-e�ector attached to the tool frame is of greater interest. Before leaving this

then, it is necessaryto locate the end-e�ector once the con�guration of the tool

frame is established. For this work, the end-e�ectors are placed on the end of a

rigid rod which is mounted on the wrist. Therefore,the end-e�ector is locatedalong

the direction of the newly oriented joint six twist, ! f
6 , wherethe superscript f stands

for the �nal con�guration after all joints have beenrotated. This can be found by

calculating the forward kinematics. Then

! f
6 = Rf

st ! 6:

If l5 is the distancefrom the tool frame'sorigin to the end-e�ector, the end-e�ector

is located at (xe; ye; ze) = l5! f
6 + pf , wherethe �nal con�guration is given by

gf
st =

2

4Rf pf

0 1

3

5 :

The POE formula is, however, generalenoughto accommodate arbitrary end-

e�ectors in a more direct fashion. Assuming the end-e�ector is connectedto the
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Figure 5.23. Agreement of the InverseKinematics Solution
with the DesiredCon�guration of a PUMA 560

manipulator by a rigid body attachedat the wrist, Equation 3.12remainsvalid. All

that is required is to replacegst by gse = gst gte, the con�guration of the end-e�ector

frame with respect to the station frame, where gte is the con�guration of the end-

e�ector with respect to the tool frame. In fact, gte doesnot needto be known since,

as with gst (0), gse(0) can be written by inspection.

One way to observe this is by adding a seventh, �xed-length prismatic joint to

the forward kinematics of the robot, placing the \to ol" frame at the end-e�ector,

and writing ~gst (0) = exp(�̂ 7� 7)gst (0). In its zero con�guration, the quasi prismatic

joint is at its fully-extended range which is simply the length of the rigid body

connectingthe end-e�ector to the wrist, a �xed value. Therefore,e�̂ 7 � 7 is known and

represents a rigid transformation from the wrist to the end-e�ector. The result is

that the POE formula reducesback to six matrix exponentials with gse replacing

gst , and the inversekinematics solution proceedsdirectly as described above. As
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expected, elements of the additional transformation appear in the solution for � 3,

which then propagateto � 2 and � 1 since,in this case,rotating the wrist doeschange

the position of the end-e�ector.

Although the generalsolution of the inversekinematics is not unique, the ap-

proach taken hereis to \prune the search tree," eliminating possiblejoint anglesas

the solution progresses.Initially , sincethe robot starts from its zerocon�guration,

the smaller of the two solutions for � 3 is chosen. In the caseof manipulation, joint

anglesare not expectedto changegreatly from point to point. So, in the remaining

cases,the solution that is closestto the previousvalue of the joint angle is the one

selected.

5.12 Lie Bracket Veri�cation

In preparation for recon�gurable manipulation, the Lie bracket vector �elds de-

termined in Equation 5.3 were executedon the robots to verify the new motions

generated.As shown in Section4.2, the simplest Lie bracket is e�ecting a rotation

about the contact normal. The beginningand ending �nger posesfor  f = � 5� for

onerobot are shown in Figure 5.24.

The �nal angle was graphically measuredas � 5:2� . Prior to beginning the Lie

bracket motion, the con�guration of the �nger was

gst =

2

6
6
6
6
6
4

0:997 � 0:008 0:074 29:5

0:004 0:999 0:047 0:036

� 0:074 � 0:047 0:996 12:6

0 0 0 1

3

7
7
7
7
7
5

:

The Lie bracket equatesto a � 5� rotation about the x-axis of the robot's station

frame. Theoretically, the Lie bracket performedresulted in a �nal angleof � 5:15� .
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Figure 5.24. Beginning and Ending Con�gurations of a
Robot Finger Following a Lie Bracket Motion to E�ect
a -5� Rotation

A pure rotation of � 5:15� givesa �nal con�guration of

gst =

2

6
6
6
6
6
4

0:997 � 0:014 0:073 29:5

0:004 0:991 0:136 0:036

� 0:074 � 0:136 0:988 12:6

0 0 0 1

3

7
7
7
7
7
5

:

Basedon the �nal encoder counts, the �nal con�guration was

gst =

2

6
6
6
6
6
4

0:997 � 0:045 0:069 29:5

0:036 0:990 0:136 � 0:102

� 0:074 � 0:133 0:988 12:51

0 0 0 1

3

7
7
7
7
7
5

:

The �rst column, representing the rotation about the x-axis, betweenthesetwo con-

�gurations is nearly identical. Only slight errors are present in the other directions.

Thesewould be reducedby using the iterativ e approach described in Section4.1.7.

In fact, an iterativ eapproach is necessaryto perform larger rotations sincethe �nger

would roll too closelyto oneof its polesin onepasscausingnumerical issues.

An implementation of g4 on the robots is shown in Figure 5.25. This replaces

sliding in the y-direction, or along u as de�ned in Figure 4.7.
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Figure 5.25. Position of Wrist 1 with Respect to the Palm
Frame During Flow along g4, h4 = 0:1

Finally, an implementation of g5 on the robots is shown in Figure 5.26. This replaces

sliding in the x-direction, or alongv asde�ned in Figure 4.7. In light of the seemingly

super�cial motions depictedin Figures5.24- 5.26it shouldbe recalledthat to avoid

violating the grasp constraint sometimesrequiresconvoluted motions given by Lie

bracketing.

5.13 Manipulation Logic

As stated previously, the overall manipulation approach is to acquirethe object,

rotate the object, recon�gure the �ngers, and check the slip condition. This process

is repeated until the desired amount of rotation is met. Flowcharts showing the

overall logic to implement closedloop manipulation, to acquire an object, and to

manipulate an object are shown in Figures5.27{ 5.29, respectively.
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Figure 5.26. Position of Wrist 1 with Respect to the Palm
Frame During Flow along g5, h5 = 0:22
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Figure 5.27. GeneralLogic Flowchart
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Figure 5.28. Procedureto Acquire an Object
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Figure 5.29. Procedureto Manipulate an Object
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