
University of Notre Dame

Aerospace and Mechanical Engineering

AME 469: Introduction to Robotics

Homework 2 Solutions

B. Goodwine
Spring, 2001

1. (Craig, 2.3)

The answer for this can be found in the Appendix. In the notation of the book, ABRZ0X0Y 0(�; �; 
)
stands for the ZXY Euler angle matrix. We can look this up in the Appendix, and see that
if � = �, � = � and 
 = 0,, then

A
BRZ0X0Y 0(�; �; 0) =

2
4 cos � � sin � cos� sin � sin�

sin � cos � cos� � cos � sin�
0 sin� cos�

3
5

You could of also used the formula for RZ0X0Z0 to get the same answer since the third rotation
was not speci�ed.

2. (Craig, 2.5)

The de�nition of an eigenvector is any vector � that satis�es the equation

A
BR� = ��

for some �. If � = 1, then the equation is

A
BR� = �

which indicates that � is not rotated by ABR. The only vector that is not changed by a rotation
is the axis of rotation.

3. (Craig, 2.14)

We are looking for ABT , where, starting from initial coincidence, frame B is rotated by � about

K, where K̂ (a unit vector, not a matrix) passes through the point AP .

To do this, we will de�ne two other frames, A0 and B0, where the origins of A0 and B0 are
located at the point AP , A and A0 have the same orientation, B0 is rotated relative to A0 by
an amount � about K̂, and B0 and B have the same orientation. See Figure 2.20 in the book.
This idea is exactly the same idea as Example 2.9 in the book.

Now, we know that
A
BT =AA0 TA

0

B0 TB
0

B T:
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Since A and A0 only di�er by a translation,

A
A0T =

�
I AP

0 1

�

where I is the 3� 3 identity matrix.

Now, A0 and B0 only di�er by a rotation about K̂. Therefore,

A0

B0T =

�
RK(�) 0

0 1

�
;

where RK(�) is given by Rodrigues' formula (like I like) or Equation 2.80 in the book.

Finally, B0 and B di�er only by translation along negative AP , i.e.,

B0

B T =

�
I �AP
0 1

�
:

Multiplying everything together gives:

A
BT =

�
I AP

0 1

� �
RK(�) 0

0 1

� �
I �AP
0 1

�
=

�
RK(�) �RK(�)

AP +A P

0 1

�
:

4. (Craig, 2.20)

Let

Q =

2
4 qx

qy
qz

3
5 and K =

2
4 kx

ky
kz

3
5 :

Then,

Q0 = RK(�)Q =

2
4 kxkxqxv� + qxc� + kxkyqyv� � kzqys� + kxkzqzv� + kyqzs�

kxkyqxv� + kzqxs� + kykyqyv� + qyc� + kykzqzv� + kzqzs�

kxkzqxv� � kyqxs� + kykzqyv� + kxqys� + kzkzqzv� + qzc�

3
5 : (1)

Note that each row has a term of the form q?c�. Separating these terms will give the Q cos �
term.

Note also that

(1� cos �)(K �Q)K =

2
4 v(kxqx + kyqy + kzqz)kx

v(kxqx + kyqy + kzqz)ky
v(kxqx + kyqy + kzqz)kz

3
5 ;

where, as usual, v = 1� cos �.

Finally, note that

sin �(K �Q) =

2
4 sin �(�kzqy + kyqz)

sin �(kzqx � kxqz)
sin �(kyqx � kxqy)

3
5 :
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Figure 1. Frames for problem 2.23.

Inspecting Equation 1 veri�es that

Q0 = Q cos � + sin �(K �Q) + (1� cos �)(K �Q)K;

as required.

5. (Craig, 2.23)

We are need to determine
U
AT =

�
U
AR

UPAORG
000 1

�
;

so we need to determine UPAORG and U
AR where the �rst column of UAR is X̂A written in

the U frame, the second column in the ŶA written in the U frame, etc. The relevant data is
illustrated in Figure 1.

Here is the algorithm:

(a) UPAORG =U P1 (this is given).

(b) Since UP2 is on the X̂A axis, then it follows that UP2 �
U P1 points along the X̂A axis,

but it may not be a unit vector. Therefore,

X̂A =
UP2 �

U P1

kUP2 �U P1k
:
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(c) By the same reasoning as for the X̂A component of UAR, we know that UP3 �
U P1 points

from the origin of A to a point near the ŶA axis and is in the XY -plane of frame A.
Therefore, we can �nd the component of UP3 �

U P1 that is in the direction of X̂A and
subtract from UP3 �

U P1, then what remains will point along the ŶA axis, i.e,

ŶA =
(UP3 �

U P1)�
�
(UP3 �

U P1) � X̂A

�
X̂A

k(UP3 �U P1)�
�
(UP3 �U P1) � X̂A

�
X̂Ak

:

(d) ẐA is easy:
ẐA = X̂A � ŶA:

Now, all the information contained in U
AT has been determined.

6. (Craig, 2.35)

This problem required you to remember two facts from linear algebra:

(a) det(AB) = det(A)det(B) and

(b) det(AT ) = det(A):

So,

RTR = I

=) det(RTR) = det(I) = 1

=) det(RT )det(R) = 1

=) det(R)2 = 1

=) det(R) = �1:

To prove the answer is +1 and not �1 requires another fact (I gave full credit if you got this
far). Let

R =

0
@ r1

r2
r3

1
A

and note that
det(R) = r1 � (r2 � r3) :

Since
(r2 � r3) = r1

then
det(R) = +1:

7. (Craig, 2.38)

For two unit vectors, we know that the cosine of the angle between them is given by their dot
product.
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Since,
v1 � v2 = v1xv2x + v1yv2y + v1zv2z ;

where

v1 =

2
4 v1x

v1y
v1z

3
5 and v2 =

2
4 v2x

v2y
v2z

3
5 ;

these dot products can be written in vector form

v1 � v2 = vT1 v2 =
�
v1x v1y v1z

�
2
4 v2x

v2y
v2z

3
5 :

Let R be a rotation matrix. If the angle between vectors is preserved by a rigid body rotation,
the cosine of the angle is preserved. Therefore,

vT
1
v2 = (Rv1)

T
(Rv2)

= vT1 R
TRv2:

Since this is true for any two vectors v1 and v2, it must be the case that

RTR = I;

which shows that the transpose of a rotation matrix is its inverse.
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