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1. Consider the penulum illustrated in Figure 1.

Figure 1. Pendulum for Problem 1.

(a) Simply using Newton’s law gives

16 = Z torques

or )
ml?0 = mglsin 0 + .

For small 8 i
mi*0 = mgl + . (1)

(b) Laplace transforming equation 1 and assuming zero initial conditions since none were
specified gives
mi*s*0(s) = mglO(s) + T(s)
or
O(s) 1
T(s) ml2s2 —mgl’




(c) Since L(8(t)) = sO(s) = Q(s)

Q(s) s
T(s) mi2s2 —mgl’ 3)
(d) For the circuit illustrated in Figure 2 we know that
e(t) = i(t)R + Ld;—(tt) + k8
and
T = Z(t)kt,
or
E(s) = I(s)(R+ Ls)+ kes©
R L
+
e kt y ke
Figure 2. Motor circuit for Problem 1.
Eliminating I(s) gives
T(s)
E(s) = —= (R + Ls) + k.s0O.
t
Solving for T'(s) gives
T(s) = ke (E(s) — kes(%(s)). (@)

Ls+ R
The final answers are simply obtained by substituting equation 4 into equations 2 and 3.
i.
@(S) o kt
E(s)  12Lms? + 12mRs? + (kcky — glLm) s — glmR’

ii.
Qs) skt
E(s)  12Lms? + 12mRs? + (kcky — glLm) s — glmR’




Figure 3. System for Problem 2.

2. Consider the system illustrated in Figure 3.

(a) Let t1(t) be the tension in the belt between the two pulleys. Let ¢5(t) be the tension
between pulley 2 and the mass. Newton’s law on pulley 1 gives

Jlél =T — 7‘1t1,

on pulley 2 gives )
Jgeg =T (tl — tg) s

and on the mass gives
mi =ty — kx.

Also assuming that the belt does not slip on the pulleys gives

ri01 = 7r20s

r = 7’26‘2.

(b) Laplace transforming everything and assuming zero initial conditions gives

J18201(s) = T(s) —rTi(s)



J2s%0a(s) = 1o (T1(s) — Ta(s))
ms?X(s) = Ty(s)—kX(s)
r101(s) = 1r20a(s)
X(s) r202(s).

We want i/“(((j)) so we need to solve for the ©’s and the tensions in terms of X (s) and the

torque, T'(s):

0, — %
i) — _J1326)1(:1)—T(3) :_Jlsgx(si; ()
Tr(s) = —J282@2(3;2_T2T1(8) 1

Substituting everything into
ms?X (s) = Ta(s) — kX (s)

and solving for % gives the final answer,

X(s) B r17r3
T(s)  (mr?r? + Jir3 + Jor?) s2 + krira’

(c) This is easy. If v(t) = Z(t), then V(s) = sX(s) and

V(s) rir3s
T(s)  (mrir+ Jir3 + Jor?) s2 + kr2rd’

(d) KVL on the circuit in Figure 4 gives

di(t)
dt

e(t) =i(t)R+ L + kB (t) + ve(t)

where v, is the voltage drop across the capacitor. Laplace transforming and using i(t) =
C —dvéft) gives

I(s)

E(s) =1(s) (Ls+ R) + kesO1(s) + T

Also, using 7 = i(t)k: <= T'(s) = I(s)k: and O4(s) = X(9) and substituting gives

T1

kE(s)=T <R+ Ls+ g) + ktkesé.
S T1
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Figure 4. Motor circuit for Problem 2.

Solving for T'(s) and substituting into ;f((j)) gives the final, messy, answers:

X(s) kiriras
E(s) (LMT2T2 + J1L7‘§ + J2er) s4 4+ (mRT%'r% + J1 Rr% + J2er) s3 + (Cmr%r% + kerr% + kcktrg + C./l'r‘% + C./QT%) s2 + erfrgs + Ckr2s2
and




